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Optimistic multi-granulation fuzzy rough set model in ordered information system
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Abstract—With granular computing point of view, the clas-
sical dominance based rough set model is based on a single
granulation. On the basis of the analysis of rough set model
over a dominance relation and the theory of fuzzy rough set, a
new generalized rough set model over dominance relations is
constructed, which is optimistic multi-granulation fuzzy rough
set model over dominance relations. It follows the research
on the properties of the lower and upper approximations of
the optimistic multi-granulation fuzzy rough set model over
dominance relations. The fuzzy rough set model and classical
rough set model on a dominance relation are special cases of
the new one from the perspective of the considered concept
and granular computing.

Keywords-multi-granulation; rough set; fuzzy rough set;
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I. INTRODUCTION

Rough set theory, proposed by Pawlak [7], has been
applied successfully in the fields of pattern recognition,
medical diagnosis, data mining, conflict analysis, algebra. In
recent years, the generalization of classical rough set model
is one of the most important study spotlights.

It is widely acknowledge that the classification of objects
in the classical approximation space is based on the ap-
proximation classification of equivalence relation. Moreover,
rough set theory was also discussed with the point view of
granular computing. Information granules refers to pieces,
classes and groups divided in accordance with characteristics
and performances of complex information in the process
of human understanding, reasoning and decision-making.
Zadeh firstly proposed the concept of granular computing
and discussed issues of fuzzy information granulation in
1979 [5]. In 1985, Hobbs proposed the concept of granu-
larity [3]. Then the basic idea of information granulation
had been applied to many fields including rough set. In the
point view of granulation computing which played a more
and more important role gradually in soft computing [6],
knowledge discovery, data mining and many excellent results
were achieved [9], the classical Pawlak rough set is based on
a single granulation induced from an equivalence relation.
However, when the rough set is based on many granulations
induced from several indiscernibility relations, we can have
some cases as follow:
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Case 1. There exists a granulation at least such that the
elements surely belong to the concept.

Case 2. There are some granulations such that the ele-
ments surely belong to the concept.

Case 3. All of the granulations such that the elements
surely belong to the concept.

Case 4. There exists a granulation at least such that the
elements possibly belong to the concept.

Case 5. There are some granulations such that the ele-
ments possibly belong to the concept.

Case 6. All of the granulations such that the elements
possibly belong to the concept.

For the above of these cases, Qian extended the Pawlak
rough set to multi-granulation rough set models where the
approximation operators are defined by multiple equivalence
relations on the universe [8]. On the basic, many researchers
have extended the multi-granulation rough set to the gener-
alize multi-granulation rough sets [4], [11]-[13].

Besides, rough set theory can be generalized by combin-
ing with other theories that deal with uncertainty knowledge
such as fuzzy set. It has been acknowledged by different
studies that fuzzy set theory and rough set theory are
complementary with handling different kinds of uncertainty.
Dubois and Prade proposed concepts of rough fuzzy sets
and fuzzy rough sets based on approximations of fuzzy
sets in crisp approximations spaces, and crisp sets in fuzzy
approximation spaces, respectively [1]. From then on, more
and more researches began to extend the rough set by
combining rough sets and the theory of fuzzy sets.

Moreover, in many real situations, we often face the prob-
lems about the the ordering of objects. For this reason, many
researchers [2], [10] proposed an extended rough set theory,
called the dominance-based rough set approach(DRSA) to
take into account the ordering properties of criteria. In this
paper, we will propose a kind of multi-granulation fuzzy
rough set model over dominate relations by combining
rough set and fuzzy set with the point view of granulation
computing. The rest of this paper is organized as follows.
Some preliminary concepts of dominance rough set theory
and fuzzy rough set theory are showed in Section 2. In
Section 3, for a fuzzy target information system, based on
multiple dominate relations, the optimistic multi-granulation



fuzzy rough approximation operators of a fuzzy concept
are constructed and a number of important properties are
discussed in detail. Finally, the paper is concluded by a
summary for in Section 4.

II. PRELIMINARIES

In this section, we will first review some basic concepts
and notions in the theory of rough set over dominance
relation and fuzzy rough set on the basis of equivalence
relations. More can be found in reference [14].

A. Rough set theory and ordered information system

The following recalls necessary concepts and preliminar-
ies required in the sequel of our work. Detailed description
has also been made in [14], [15]. The notion of informa-
tion system (sometimes called data tables, attribute valued
systems, knowledge representation systems, etc.) provides a
convenient basis for the representation of objects in terms
of their attributes.

An information system is a quadruple Z = (U, AT,V f),
where U is a non-empty finite set with n objects,
{u1,usg,...,u,}, called the universe of discourse; AT =
{a1,as,...,a,} is a non-empty finite set with m attributes;

V= U V, and V, is the domain of attribute a; f :
a€AT
U x AT — V is a function such that f(u,a) € V, for

any a € AT, u € U, called an information function. A
decision table is a special case of an information system in
which we called the decision as decision attribute, and the
others are called condition attributes, to distinguish these
attributes. Therefore, Z = (U, C'|J{d},V, f) be a decision
table, where set C' and {d} be condition attributes set and
decision attribute set respectively.

Assumed that the domain of a criterion a € AT is
complete pre-ordered by an outranking relation »=,, then
u =, v means that u is at least as good as (outranks)
v with respect to the criterion a, and we can say that u
dominates v or v is dominated by u. Being of type gain, that
isu =, v < f(u,a) > f(v,a)(according to increasing
preference) or u =, v <= f(u,a) < f(v,a) (according to
decreasing preference). Without any loss of generality and
for simplicity, in the following we only consider condition
attributes with increasing preference.

For a subset of attributes A C AT, we define u =4 v <
u =4 v for Va € A. That is, u dominates v with respect to all
attributes in A. In general, we denote an ordered information
system by Z7 = (U, AT, V, f).

For a given ordered information system, we say that u
dominates v with respect to A C AT if u =4 v, and denote
by uRZv. That is

R% ={(u,v) €U x U | u =4 v}
={(u,v) € UxU | f(u,a) = f(v,a) Va € A},
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Ri are called a dominance relation of ordered information
system Z7.
Let denote
[ui); ={u; € U | (uj,u;) € RG}
={u; € U | f(uj,a) > f(us,a) Ya € A},
U/RG ={[u] 3, [ua]7, - - [un]3 },

where i € {1,2,...,n}, then [u;]7 will be called a domi-
nance class or the granularity of information, and U/ RZ be
called a classification of U about attribute set A.

For any subset X C U and A C AT in Z7, the lower
and upper approximation of X with respect to a dominance
relation R could be defined as

Fi(X) = {ucU [
RA(X) = {ue U | [

C

b

TCX
2NX #0}.

B. Fuzzy set and fuzzy rough set

We will first introduce some basic concepts of fuzzy set.
Let U be a finite and non-empty set called universe. A fuzzy
set A is a mapping from U into the unit interval [0, 1] : p :
— [0, 1], where each € U is the membership degree of
x in A. Practically, we may consider U as a set of objects
of concern and crisp subset of U represents a “non-vague”
concept imposed on objects in U. Then a fuzzy set A of
U is thought of as a mathematical representation of “vague”
concept described linguistically. The set of all the fuzzy sets
defined on U is denoted by F(U).

Let A and B be two fuzzy sets on U, the operation
between them are defined as

(AU B)(z) = max{A(z), B(z)},
(AN B)(z) = min{A(z), B(z)},
~ A(z) =1- A(z),
ACB & A(z) < B(x) (x € U).
Let A be a fuzzy set on U, for any « € [0, 1], if denote
Ay ={z €U | A(z) > a},
Aoy ={z €U | A(x) > a}.
then A, is the a-cut set of A, and A, is called the strong
a-cut set of A.

Let U be the universe, R be an equivalence relation, for
a fuzzy set A on U, if take

R(A)(z) = MAY)ly € [z]r},
R(A)(z) = V{A()ly € [z]r}

then R(A) and R(A) are called the lower and upper ap-
proximation of the fuzzy set A with respect to the relation
R, where “A” means “min” and “V”” means “max” and [x]g
is the equivalence class of x with respect to equivalence
relation R. A is a fuzzy definable set if and only if A satisfies
R(A) = R(A). Otherwise, A is called a fuzzy rough set.



Because of the limitation of the paper length, the proper-
ties of the above set approximation can be found in reference
[14].

ITII. OPTIMISTIC MULTI-GRANULATION FUZZY ROUGH
SET IN ORDERED INFORMATION SYSTEMS

In this section, we will make researches about optimistic
multi-granulation fuzzy rough set which are on the problem
of the rough approximations of a fuzzy set over multiple
dominate relations.

At first, we will propose a fuzzy rough set model also
called single-granulation fuzzy rough set model over a
dominate relation in the following [14].

Let Z7 = (U, AT, V, f) be an ordered information system
and A C AT. For the fuzzy set X € F(U), denote

RE(X)(u) = MX(v) | v € [u]}},

R (X)(u) = V{X(v) | v € [u]5},
where “V ” means “max” and “ A” means “min”, then
RZ (X) and RZ (X)) are the lower and upper approximation

of the fuzzy set X over the dominate relation Ri with

respect to the attribute set A. If R% (X) # R7(X), then the
fuzzy set X is a fuzzy rough set over the dominate relation.
We can easily find that this model will be the fuzzy rough
set model if the above relation R is an equivalence relation.
In the following, we will introduce the optimistic multi-
granulation fuzzy rough set (in brief OMGFRS) over dom-
inate relations and its corresponding properties.
Definition 3.1 Let Z7 (U,AT,V, f) be an ordered
information system, A;, Ao, ---, A, C AT. For the fuzzy
set X € F(U), denote

OM:i | \/{/\{X | ve [ul3,})
2 A
m
OM;; /\{\/{X | v e [ul}}},
i=1
where “\/” means “max” and “/\” means “min”, then
OM7, (X) and OM7, (X) are respectively called
> A > A

i=1 i=1
the optimistic multi-granulation fuzzy lower approximation
and fuzzy upper approximation of X over these dominate
relations Rzi (i=1,---,m). X is a multi-granulation fuzzy

rough set over these dominate relations Rzi (i=1,---
if and only if OM7,  (X) # OM?7,  (X). Otherwise, X
> A > A

i=1 i=1
is a multi-granulation fuzzy definable set.

It can be found that the OMGFRS over the dominate
relations RZ (1 1,---,m) will be degenerated into
fuzzy rough set when A; = A;, i # j and [U]Z,- are
equivalence classes with respect to the subsets of attributes

7m)
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A;(i = 1,---,m). That is to say, a fuzzy rough set
model is a special instance of the OMGFRS over these
dominate relations. If these relations R7 2,0 =1,-,m)
are equivalence relations and the set A is a class1cal set,
however, the OMGFRS will be degenerated into optimistic
multi-granulation rough set [8].

In the following, we employ an example to illustrate the
above concepts.

Example 3.1 Suppose Table 3.1 is an ordered information
system about the achievements of some students, U
{x1,29, - ,210} is a universe which consists of 10 stu-
dents in some college, MA (Mathematic), EN (English),
MO (Morality), PH (Physical) are the conditional attributes
of the system, and the dominant preference are follows:
A>B>C>D. D (Decision) is the result of excellent students
by the experts according to the achievements of these
students.

Table 3.1 An ordered information system about the achievements
Course MA EN MO PH D
1 85 90 B A 0.8
T2 86 90 B B 0.9
T3 90 87 A C 0.7
Ty 88 86 C D 0.3
Ts5 87 85 D B 0.4
Tg 86 87 A C 0.6
T7 84 83 B A 0.3
s 88 88 A C 0.6
Zg 87 85 C B 0.2
10 89 88 B D 0.7

However, we often face the phenomenon that some uni-
versities may give some conditions of excellent students as
following:

Condition 1: Not only the marks is higher, but also the
morality is better;

Condition 2: Not only the marks is higher , but also the
health is better.

We can find that the decision from the table 3.1 is
a fuzzy set, and it is easy to find out that A
(0.8,0.9,0.7,0.3,0.4,0.6,0.3,0.6,0.2,0.7) is a fuzzy set of
the excellent students which is concluded by the experts.

According to Condition 1 and Condition 2, we can obtain



two dominant relations denoted as Ri, Rs.

Ry

1000001000
1100001000
0011111010
0001100010
0000100000
0000011000
0000001000
0001111110
0000100010
0001101011

1000001000
0100010000
0011010010
0001000000
0000100010
0000010000
0000001000
0001010100
0000100010
0001000001

According to these conditions, we can raise some questions
now.

Question 1: If we consider one of these conditions at least,
what is the degree of these students who must be excellent
9

Question 2: When we consider both of these conditions,
what is the degree of these students who may be excellent
?

Now, we use the definition of the OMGEFRS to solve the
above questions.

According to Definition 3.1, we can have

OMY,5(A) = (0.3,0.6,0.2,0.3,0.4,0.6,0.3,0.3,0.2,0.3),

OM7,,(A) = (0.8,0.9,0.7,0.3,0.4,0.6,0.3,0.6,0.4,0.4).

We can find out that the degree of these students who must
be excellent is 0.3,0.6,0.2,0.3,0.4,0.6,0.3,0.3,0.2,0.3,
when we consider at least one of these conditions.
And the degree of these students who may be excellent
is 0.8,0.9,0.7,0.3,0.4,0.6,0.3,0.6,0.4,0.4 if we consider
both of these conditions.

Just from Definition 3.1, we can obtain some properties
of the OMGFRS in an ordered information system.
Proposition 3.1 Let 77 (U, AT,V, f) be an ordered
information system, Ay, As, - -+, Ay, C AT and X € F(U).
Then the following properties hold.

(1 OM% Xex
2) OM%  (X) 2 X;
;

@ OME (~X)=~OM (X
5) OM%,  (U)=O0M% (U)=U;
3 A PR
6) OM7%,  (0)=0M% (D) =0;
3 A 5 A,
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(7) OM7, (X
A

i=1

(8) OM?, ,

Proof: According to the inductive approach , we only
need to prove these properties in the ordered information
system which has two dominance relations(A, B C AT). It

i=1

" is obvious that all terms hold when A = B. When A # B,

the proposition can be proved as follows.
(1) For any w € U and A, B C AT, since RZ(X) cX
and @(X) C X, we know
MX () | ve [ulf} < X(u)

and

MX () | ve ) < X(u)
Therefore, {A{X(v) | v € [W]5}} vV {A{X(v)
[u]5}} < X(u). ie, OM%, 5(X) C X.
(2) For any uw € U and A, B C AT, since X C FZ(X)
and X C RE(X

| v e

), we know

X(u) < V{X(v) | v e [ul7}
and
X(u) <V{X(v) | v € [ul3}
Therefore, X(u) < {V{X() | v € [u3}} A

{V{X(w) |ve [u]z}} ie, X C OMZFB(X).
(3) For any v € U and A, B C AT, we have

OMZ, p(~ X)(u)
={M1-X() | ve i} VML= X() | ve [ulj}}
={1-V{X(v) | ve [u7}}V{l-V{X(v) | veuf}}
=1 — {V{X(v) | v € [W7}} A {V{X() | v e [u}

— ~ OMJ, (X)(u).

(4) According to OMLB(N X) =~ OMILEB(X), we
can have OMZ_B(X) =~ OM;-B(N X). So it can be

found that OM; (~ X) =~ OM7, 5(X).
(5) Since for any v € U, U(u) = 1, then for any A, B C
U$

OM, 5(U)(w)

={MU@) |ve m3}} v AU
=1
=U(u)

) |velulz}}



and
OMZ, p(U)(u)
={(V{U(v) | v e L3} A{V{U @) | v e W3}
=1
=U(u).

So OM7, 5(U) = OM5, 5(U) =U.

(6) From the duality of the approximation operators in (3)
and (4), it is easy to prove OM, (0) = OM7, 5(0) =0
by property (5).

(7) Since OMZFB(X) C X, then for any v € U, one
has OMZJFB(X)(u) < X(u). So by Definition 3.1, one can
obtain OM 7, 5(X) 2 OM%, ,(OM7, 5(X)).

(8) This item can be proved similarly to (7) by the
property OMZF+B(X) o X. [ |
Proposition 3.2 Let Z7 = (U, AT,V, f) be an ordered
information system, Aj, As, -+, A, € AT and X,Y €
F(U). Then the following properties hold.

() OM7% (XNY)COMZ (X)NnOMZ (Y),
'igl ‘ 'iz::I ’ i=1 ‘
2) OM%, (XUY)20M% (X)UOMZ (Y);
‘21 ‘ i=1 Ai 'gl A7
(3) XCY =0M7 (X)COMZ (V)
‘Z:l A7 = A7
4 XCY=0M, (X)COMZ (Y);
Z A; 2 A;
(5) OM%, (XU Y) DOMZ  (X)UOM?Z, (Y);
A 2 A 2 A
6) OM7%, (XNY)COMZ (X)NnOM% (Y).
> A = A > A

i=1
Proof: Similar to the proposition 3.1, we only need
to prove these properties in the ordered information system
which has two dominance relations(A, B C AT'). All terms
hold obviously when A = Bor X =Y. If A # B and
X #Y, the proposition can be proved as follows.
(1) For any u € U, A,B C AT and X,Y € F(U),

OM7Z, 5(X NY)(u)

(MENY)(v) [velup}}
={MX@)AY(0) | ve 3}V

{MX@)AY(v) | v e [ulF}}
={RA(X)(u) A RE(Y)(u)} v {RE(X)(w) A RR(Y)(w)}
<{RA(X)(w) V RE(X)(w)} ARE(Y)(u) V RF(Y)(u)}
=OMZ, 5(X)(u) NOMZ, 5(Y)(u)

Then OM%, 5(X NY) C OM%, 5(X)NOM%, 5(Y).
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(2) Similarly, for any v € U, A,B C AT and X,Y €
FU),

0M§+B(X UY)(u)
={V{(x UY)(U) |ve

={§<X><u
> {R5(X)(u) A
=OM, p(X)(u

)V
) A

Then OM7, 5(X UY) D OM7, 5(X)UOM7, 4(Y).

(3) Since for any v € U, we have X (u) < Y (u). Then
the properties hold obviously by Definition 3.1.

(4) The properties can be proved as (3).

() Since X € X UY,and Y C X UY, then
OMZ,5(X) C OMX+B(X UY) and OMerB(Y)

OM7, 5(X UY). So the property O A+B(X uY)

OMAZB(X) U OMA+B( ) obviously holds.

(6) This item can be proved similarly as (5) by (4).

The proposition was proved. ]

The fuzzy lower and fuzzy upper approximation in Def-
inition 3.1 are a pair of fuzzy sets. If we associate the cut
set of the fuzzy sets, we can make a description of a fuzzy
set X by a classical set in an ordered information system.
Definition 3.2 Let Z7 (U, AT,V, f) be an ordered
information system, Ay, Ay, -+, A, C AT and X € F(U).
For any 0 < 8 < a < 1, the fuzzy lower approximation

OM?, (X)) and fuzzy upper approximation OM?7, (X)
S5 A 2
i=1

=1
of X about the «, 3 cut sets over the dominate relations

N

2

Rii (i=1,--- ,m) are defined, respectively, as follows
OM7, (X)o={ueU|OMZ (X)u)>a},

> A > A

=1 =1

OM,, (X)s={ueU|OM, (X)) > B},

A; > A

OM?7, (X), can be explained as the set of objects in
poget

U Wthh surely belong to X over the dominance relations
R %,(i=1,---,m) and the memberships of which are more
than o, while OMk (X)g is the set of objects in U which
2 A

possibly belong to X over the dominance relations RZ,- (i=
1,--+,m) and the memberships of which are more than S.
Proposition 3.3 Let 77 (U,AT,V, f) be an ordered
information system, Aj, Ag, -+, A, € AT and XY C
F(U). For any 0 < < a < 1, we have



(1) OM7,  (XNY)y COMZ,  (X)aNOM7Z,  (Y),,
(2) OM7%, (XUY)sDOMZ (X)gUOM?Z, — (Y)s;
igl ’ igl Ai =1 ‘
3) XCY=0M, (X)aCOMy (Y)a,
> A A
=1 i=1
4 XCY=0M% (X)3COML (Y)s
(5) OM7,  (XUY)q DOMZ,  (X)qUOMZ, — (Y)a,
i=1 i=1 i=1
(6) OM7%, (XNY)s COMZ (X)sNOM7Z (V)
> A i _ i

i=1 i=1

Proof: Tt is easy to prove by Definition 3.2 and Propo-
sition 3.2. ]

Il
A

IV. CONCLUSION

The theories of rough set and fuzzy set both extended
the classical set theory in terms of dealing with uncertainty
and imprecision. However, the theory of fuzzy set pay
more attention to the fuzziness of knowledge while the
theory of rough set to the roughness of knowledge. For
the complement of the two types of theory, fuzzy rough set
models are investigated to solve practical problem. Given
that the equivalence relation in the fuzzy rough set theory is
too rigorous for some practical application, it is necessary
to weaken the equivalence relation to dominance relation.
The contribution of this paper is having constructed a kind
of fuzzy rough set over dominance relations associated
with granular computing called optimistic multi-granulation
fuzzy rough set model over dominance relations, in which
the set approximation operators are defined on the basis
of multiple dominance relations. What’s more, we make
conclusion that fuzzy rough set model is a special case of the
optimistic multi-granulation fuzzy rough set over dominance
relations by analyzing the definition . More properties of the
optimistic multi-granulation fuzzy rough set over dominance
relations are discussed. In this paper, we only discussed
the optimistic multi-granulation fuzzy rough set. We are
investigating the pessimistic multi-granulation fuzzy rough
set based on dominance relations in our study.
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